The Poisson problem

Let us solve the following Poisson problem in 1D:
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u(x=a)=u(x=5>5)=0 Q

In our case:

u(a)=u(b) =0



FEM Discretization

» Let us define a Hilbert space L*(Q)
— The elements of the vectorial space are functions.
— The square of the functions have a finite quadrature.
— The scalar product 1s defined as

-8 = of(x)(x)

* Where fand g are L?(Q) vectors.



FEM Discretization

* Let us define an approximated Hilbert space

— Vectors are polynomia which depend on “h”-
parameters

— Notation = Li (Q)



FEM Discretization

 The FEM gives a solution contained in Li (Q)
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FEM Discretization

e« O ;=Basis functions.

— Let X; be a node in the dominium Q (x ll 0 X l 2 )

Defined as:

— Linear and continous



FEM Discretization

1D Q=[0,10]
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FEM Discretization
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FEM Discretization
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Solution
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(Integration by parts)
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Solution

uh:ZuiEDi fh:ZfiEDi

>u,d 00, Mo, = £ o,
i / i \

Stiff matrix R(i,j) Mass matrix M(i,j)

Linear System: R . [u — f [M

L, ] ! L l’j



Matrix calculation




Matrix calculation

Stiff matrix
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Mapping

Lk f(x)dx —p Lk f(r) ‘Jac‘ dr
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Basis Functions( Linear case)
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Gauss quadratures
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Gauss quadrature

r \%Y
|
| I I -0.57735026924 -1
-0.57735026924
r A%

0.77459666924 | 0.55555555555
| | 0] 0.88888888888
I I I | -0.77459666924 | 0.55555555555




Errors

* Model simplifications.
* Quadrature errors.

* Linear solver errors.

* Roundoff errors.
 FEM order error.



Model simplifications

* All models have simplifications

« Example: Stationary flow around a NACA
profile.




Previous errors

Incompressible fluid> Oy =0

Non viscous and irrotational fluid (u=0)-> v =0g
2D case

Straight walls

No gravity effects or surface tension.

Ideal boundary conditions

Non stationary flows



Quadrature errors

If(x,y)

Q

dlx

dy = Zwl.
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j(xiﬂyi)

(xl., yl.) = Gauss' pont s

w, =Gauss coefficients



Errors

 [inear solver errors.

A =b - AGQ"™ =p—-¢""
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* Truncation and roundoff (computational
€ITors)



Error FEM

* (@ order k (linear k=1)
* h=Max{d}

K+
Error = h*”

 Under several conditions the error 1s limited
by:

Vel aq < ' 2



