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CHAPTER III: CONICS AND QUADRICS
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2. CONICS

2.5 Affine classification and notable elements of conics

Let A, = P»(R?) be the projectivized affine plane, with coordinate system
R = {0, B}. Let w be a quadratic form with associated matrix A. Let

C = {X e Py(R?) | w(X) = 0}
be a projective conic with affine conic
C=CnNAy={X €A |wlX)=0}, where X = (1,2, zs).

2.5.1 Center of an affine conic

Definition: We call center of an affine conic C' the pole of the infinity line if
that point is a proper point (if it is not, we say that the affine conic does not
have a proper center).

The equation of the infinity line is zy, = 0 and the equation of the conic is
X'AX = 0. Therefore, the pole of the infinity line is the point P such that
P'A = (1,0,0).
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Example. The parabola is tangent to the infinite: therefore, the pole if the
infinity line is the tangent point, which is at infinity, so the parabola has no
proper center.

Proposition. The center of an affine conic is its center of symmetry.
2.6 Relative position between the conic and the line at infinity
1. If the line at infinity ., = z, = 0 is not tangent to the conic C then the

pole of r., is a proper point; C' has a center that we denote by C' and
the coordinates of this center are

Z = |¢, €1, c2] such that (¢, c1,c2)A = (1,0,0).
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2. If the infinity line .. = zy = 0 is tangent to the conic C then the pole of
T, If it eXists, is the tangent point. In such case,

C N1y = {center}
and the center is a double point. If the matrix is

app Qo1 Aaop2
A= apr aip ai2

ap2 Q12 A22
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we have:
= L { CLO()LC% + allx% + CLQQZE% + 2@011’05(31 + 2@023305(32 + 2&121’13}2 =0
Xy = 0
allx% + CLQQSE% + 2@1233’1$2 =0
Ty = 0

The second degree equation a;t? + 2ast + ax = 0 has discriminant:
AO() = a%Q — 1199 = — det(Aoo)

where

m If det Agy = 0, then C Nr,, = {P}, where P is a double point, the
center at infinity of the conic.

m If det Agy # 0, then C has a proper center which is the center of
symmetry of the conic. Any line that contains the center intersects
with the conic in two points, which are symmetric with respect to the

center.



Therefore, we can encounter the following situations:

2 different real points (det(Ag) < 0)
C Nry = < 2imaginary conjugated points (det(Ag) > 0)

1 double point (det(Ag) = 0)

2.6.1 Conics of parabollic type

Let us consider C'Nr., = { P}, P being a double point if and only if det Ay =
0.

The center of the conic is an infinity point.

m |[f det A # 0 the conic is a parabola.

different if rankA = 2

m If det A = 0 the conic is a pair of parallel lines { double line if rank A — 1
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2.6.2 Conics of elliptic type

Let us consider C N7y, = {P,, P}, P,, P, being conjugated infinity points if
and only if det Ayy > 0.

The center of the conic is a proper point.

m |f det A # 0 the conic is an ellipse.

m |f det A = 0 the conic is a pair of infinity lines that intersect in a real point
(the singular point of the conic).

2.6.3 Conics of hyperbolic type

Let us consider C Nr,, = {P, B}, P, P, being different real points if and
OnIy if det Agp < 0.

The center of the conic is a proper point.

m |f det A #£ 0 the conic is a hyperbola.

m If det A = 0 the conic is a pair of real distinct lines that intersect in the
singular point.
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2.6.4 Notable elements of conics

Let us consider the conic C = X*AX = 0, with A® = A a regular conic.

Center
We call center of the conic C to the pole of the infinity line (it is the center
of symmetry of the conic).

Diameters and conjugated diameters
Two lines r and s that contain a point P are called conjugated with respect
to a regular conic C when each of them contains the pole of the other.

We call diameter of the conic C to every line such that its pole is an infinity
point.

Therefore, for each point at infinity we have a diameter.
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By the fundamental Theorem of polarity, every diameter contains the pole
of the line at infinity, (this is, the center), because they are polar lines of
infinity points.

Asymptotes

We call asymptote of a conic, to a diameter which is tangent to the conic.
Sometimes they do not exist. Therefore, the asymptotes are polar lines of
the points at infinity of the conic.

Axes in regular conics

We will say that two lines ' = agzy + a121 + aszs = 0 and s’ = byxy + by +
boxo = 0 with a; # 0 or as # 0 and b; # 0 or by # 0 are orthogonal in the
projective plane P, if a1b; + asby = 0.

We call axes of a regular conic to those diameters that are conjugated and
orthogonal at the same time.
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Let us see how to obtain the axes:
Let P[0, p1,p2] and Q[0, ¢1, o] be the points at infinity of the axes. As the
axes are orthogonal lines, P and @ verify: p1q1 + pogo = 0. On the other
hand, as P and () are the infinity points of the conjugated lines, they ought
to be conjugated; this is, P'AQ) = 0. Therefore, the following equations must
hold:

)
p1q1 + p2qo = 0
app Go1 Qo2 0
(0,p1,p2) | an @ aip g | =0
L Qp2 a12 a22 q2

{mm+m%—0
(pra11 + p2a12) ¢1 + (pra12 + Paaos) go = 0

=S o ) () = (0)
p1a11 + p2ai2 p1ai2 + Paass ) 0



AFFINE AND PROJECTIVE GEOMETRY, E. Rosado & S.L. Rueda
This former system has a solution, different from the trivial one, if the co-
efficient matrix has a zero determinant; this is, if the rows of the coefficient
matrix are proportional:

{ aip1 + aap2 = Apy { (@11-A) p1 + a19p2 = 0
a12p1 + Gg2P2 = AP aiop1 + (a2 — A) ps =0

The former system has a solution (py, p2) # (0, 0) if

det ( an-A 412 ) =0 <= )\2 — (CLH + agg))\ + det AOO = 0.
ajg G — A

Notice that it is the characteristic equation of the matrix Ay, which is diago-
nalizable.
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Conclusion: If (v1,v9) is an eigenvector associated to the eigenvalue \; of
Ay then Q[0, vy, v9] and P[0, —uvs, vy] satisfy the system

pP1q1 + pago = 0
PLAQ =0

so its polar lines are the axes of the conic C.

Last, we call vertex of a conic C to an intersection point of the axes of the
conic with the conic.
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Example 1
Let us consider the conic C = 3 + 23 + 23 — 22922 + 22129 = 0. Answer the
following questions:

1. Calculate the axes of the conic and represent them in the affine plane
along with the affine conic.

2. Find the center of the conic.

3. Calculate the vertex of the conic.
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Classificaction:
The matrix of the conic is
1 0 —1
A= 0 1 1
—1 1 1
The determinant of A is: det(A) = —1 # 0, (C is a regular conic) and as

det Ayy = 0, the affine conic C is a parabola.
The eigenvalues of Ay are A\, = 0, A\, = 2. And the eigenvectors associated
to these eigenvalues are:

v; = (—1,1)eigenvector associated to A =0
U2 = (1,1)eigenvector associated to A =2

Therefore the axes of the conic are the polar lines of the points at infinity
P[0, —1,1] and P[0, 1, 1];
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this is,

Tpl

|l

/N

=

e

| —

N—

o =
_ = O
—_ =

)

—_

|

-

1 0
rp, = (0,1,1) | 0 1
1

Thus the axes of the conic are

rp, = xo =0,

TP, = —Xo + 221 + 229 = 0.

The diameters of the conic intersect in the center; in particular, the center

is the intersection point of the axes of the conic:

{xo_o @{xo_o — Z[0,-1,1]

—ZTo+ 221 + 229 = 0 T+ 19 =0

The parabola has an improper center.
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The vertex of the conic are the intersection points of the conic with its axes.
As C is a parabola, it has a point at infinity, which is precisely the center Z
and it is also a vertex of the parabola (the vertex at infinity):

2
{x&ﬂﬁ+x%—%mh+%%@—0<:${<m*a@ =z, -1

xog =0 Ty =
The other vertex is the intersection of the parabola with its proper axis:

1+x%+x%—2x2+2$1x2:0
—1 42214+ 229 =0

{1+($1+x2)2—2x2—0 {1%—23:20

1 =2x1 + 229 1 =221 + 229
=2 15
<:>{x2§_ 1_§_l<:>\/[1,——,—].
=3 72753787 78 88
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Example 2
Let us consider the conic C = 22 — 423 + 23 — 22921 — 27029 = 0. Answer the
following questions:

1. Classify the conic.

2. Calculate the asymptotes of the conic.
3. Calculate the axes of the conic.

4. Find the center of the conic.

5. Calculate the vertex of the conic.

Classification:
The matrix of the conic is
1 —1 —1
A= —1 —4 0
-1 0 1
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The determinant of A is: det(4) = —1 # 0, (C is a regular conic) and as
det Agjg = —4 < 0, the conic is a hyperbola. The points at infinity of the
hyperbola satisfy the following equations:

{ 23 — 42? + 23 — 2woxy — 22072 = 0

ZIZQIO
—4xi + 25 =0 (x9 + 221) (w9 — 221) =0
370:0 330:0

< Pl[(), 1, —2] y PQ[O, 1, 2]
Therefore, the asymptotes of the conic are:

rp = PIAX = x¢— 4z — 215 = 0,
Tp, = PQtAX = —3xg — 4x1 + 229 = 0.
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To calculate the axes first we calculate the eigenvectors of the matrix A.
The eigenvalues of Ay, are Ay = —4, \y = 1. And the eigenvectors associat-
ed to these eigenvaules are:

v1 = (1,0)eigenvector associated to A = —4
vy = (0,1)eigenvector associated to A =1

Therefore the axes of the conic are the polar lines of the points at infinity
1[0, 1,0] and Q-0, 0, 1]; this is,

1 -1 —1 70

ro, = (0,1,0) | =1 —4 0 Ty | =—x90—4x1 =0
-1 0 1 X2
I -1 -1 T

ro, = (0,0,1) | =1 —4 0 Ty | =—xo+x2=0

—1 0 1 Io
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The center of the conic is the point of intersection of the axes. As C'is a
hyperbola, its center is a proper point and its coordinates verify the following

equations
1‘|‘43§'1=O 1
— /1. —.1
{1—332—0 [’ 47]

The vertex of the conic are the intersection points of the conic with its axes.
Therefore,

T3 — 42? + 15 — 2wo1 — 27072 = 0
—Xy — 45!31 =0
1627 — 427 + x5 + 82% + 8w115 = 2022 + 81179 + 25 = 0
oy — —433’1 oy — —433’1
{20+&+¢20
—
t=x9/11

oy = —45!31
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As 20 + 8t + t*> = (0 does not have real soltions, the axis —z, — 4z; = 0 of the
conic intersects the conic in two points at infinity. Let us see the intersection
of the conic with the other axis:

{ x3 — 4x? + x5 — 2wory — 27072 = 0 { 4z} + 2x9w1 = 0

—ZTo+ x9 =0 —2Tog+ 29 =0
2(2I1+$2>3§1 =0
—330+£C2:O

Thus V4[1,0,1] and V5|1, —1/2, 1] are the two proper and real vertices of the
hyperbola.
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2.7 Metric invariants of a conic

Let R = {O,B = (é1,é2)} and R' = {O', B’ = (¢€},¢,)} be two orthonormal
coordinate systems of the affine plane A,. Let C' be a conic of the euclidean
affine plane with associated matrix A with respect to the coordinate system
R and matrix A" with respect to the coordinate system R/, this is,

apo ap1 o2 Lo

Cr = (zo,71,22) | @ an ai z1 | =0
ap2 A12 22 %)
boo bo1 Doz o

CR/ = (Ié),l’/l,l'é) b()l bll blg x’l =0

/
502 b12 522 Lo
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then, it verifies

det(A) = det(A")
det Agy = det A, The eigenvalues of Ay
= ,
a1 + ag = by + boy and Aj, are the same.

where

2.8 Reduced form of a regular conic

Let C' be a conic which, with respect to an orthonormal coordinate system
R =1{0,B = (e,e)} , has equation: Cr = XTAX = 0.
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2.8.1 Conics with proper center: hyperbola and ellipse
If det(Agy) # O then there exists an orthonormal coordinate system R’ =
{0, B" = (€],€,)} such that the matrix expression of the conic in the new
coordinate system is:

doo 0 0 396
Cr = (zy,2,25) | 0 dip 0 rp | =0
0 0 d22 33/2

The equation Cr/ = doo(x))? + di1(x])? + dao(2h)* = 0 is called reduced equa-
tion of the conic, where

( 0 is the center of the conic

dq1, doo are the eigenvalues of A

ey, €, are the eigenvectors of Ay, (vectors with the direction of the axes of (
\ doo verifies that det(A) = dyody1do2

7\
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Example 1

Let us consider the conic C' = 2x¢xy — 2w129 — 22 + T2 + 722 = 0.
Classification:

The matrix of the conic is:

-1 0 1
A= 0 7 -1
1 -1 7
The determinant of A is: det(A) = —55 # 0, therefore, it is a regular conic.

The eigenvalues of Ay are Ay = 6, Ay = 8 (thus, det Agg = A\ Ay = 48 > 0).
The conic C'is an ellipse.
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Notable elements:
The center of the ellipse is a proper point which is not contained in the
conic. We have:

P = A7'U where U|1,0, 0]

SO i
Po -1 0 1 1 —2
pm|=(0 7 -1 0l=1 =
P2 1 -1 7 0 o
This is

[ 81 TN [, 1 7
caner= (5 555) | = (% )
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The diameters of the ellipse are the lines that contain its center. The family
of diameters is

48

o =55 0 1 48 48
x1 % a| = = (b—Ta)xg+ ﬁbxl — %axg =0,
I £ b

thisis, d,p, = (b — Ta) xo + 48bx1 — 48ax, = 0.

Similarly they are the polar lines of points at infinity. If P, = [(0, a, 8)] € 7,
then its polar line has the following equation

—1 0 1 i)
rp, = (070575) 0 7 -1 | =0
1 -1 7 i)

this is, dpoo = Bxg+ (7& — 6) T+ (75 — Oé) To.

Notice that if we take a = 7b —a and 8 = b — 7a, we have: dp, = d,.
The ellipse has no asymptotes because all its points are proper.
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The axes of the ellipse contain the center and have directions given by two
orthogonal eigenvectors. The eigenvectors of C are:

e; = (1,1) eigenvector associated to \; = 6,
e; = (—1,1) eigenvector associated to Ay = 8,

therefore, the axes are:

ro 1 0 |

Axis1 = xl_%gl :éxo—xl—l—m:(},
QfQ_L481
ro 1 0O 1

Axis2 = |z -5 —1 :—6:1;0—9;1—@:0.
$2_L48 1
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The vertices are the points of intersection of the ellipse with its axes. As all
the points of the ellipse are proper, we have to find the vertex in z; = 1, this
IS, we consider the systems

251701’2 — 2$1$2 — $(2) + 7.%% + 756’% =0

%3]0—5614—372:0

{ 2%03]2 — 25615[72 — ZU(2) + 7{13% + 756% =0

—%330—371—33220

CNAxis1 = {

C'NAXxis2 =

for xo = 1 and we obtain

{2332—23311’2—1—|—733%—|—7$%—0
1

§—$1+$2:O

i e gt
{2x2—2x1x2—1+7x1+7x2—0
1

—6—2131—2172_0

v [(1 VI @)]
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Reduced form: the reduced equation of the ellipse is

CR’ = d00($6)2 + d11<fl?,1>2 + dgz(ﬂ?é)z =0,

where diy = 6 ,d22 = 8 and as det(A) = —HH = d00d11d22 = d0048, then
doo = —b5/48. Therefore,

—95
Crr = — ()" + 6(1)" + 8(ap)” = 0,

where the origin of the coordinate system R/, is the center of the conic:
O'= (-4, — ) and the basis is

b= (HZH’ szu) - (%%) | (%%)) |

Using the matrix of the change of coordinate system, we have:

1 —% —% 1 0 0 ~350 0
1 1 1 1 1

IR Rl I CRRFH Bl W

V=V 7 B 008
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Example 2

Let us consider the conic C' = 1123 — 1z} — 323 + 8v/2x0x2 + 32129 = 0.
Classification:

The matrix of the conic is

11 0 42

A=1 0 —3% %1

W25
The determinant of A is: det(A) = —6 # 0 (it is a regular conic) and the
eigenvalues of Ay are A\ = 1, Ay = —2; therefore, det Ajg = —2 < 0. The

conic C'is a hyperbola.
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Notable elements:
The center of the hyperbola is a proper point that it is not contained in the

conic. We have:
P = A™'U where U[(1,0,0)]

then
Po 110 4/2\ /1 L
=1 0 -5 3 0= —v2
p) \avz i ) o) \v

The center is
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The diameters of the hyperbola are the lines that contain its center (the
polar lines of the points at infinity). The family of diameters is

i 1 0
T —3\/§ a = \/é(CL — 3b) o — bﬂ?l + ary = O,
i) —\/5 b

thisis, d,, = V2 (@ — 3b) xg — bxy + axg = 0.

The hyperbola has two asymptotes which are tangent to the hyperbola in
its infinity points. The infinity points of the hyperbola are:

1,2 1,2
_ 3] _§$2+3$19€2 =0 Py [(07173_2@)}
PECHTOO:{ZO_O :>{P2[(07173+2\/§)]
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The polar line of P, is:

11 0 42 T
3

0 -3 3 zp | =0
w2 iy )\
:>rlz(12x/§—16>az0+(4—3\[2)331+\/§332=07

and the polar line of P, is:

r = (0,1,3— 2\/§>

ry = (QL3+2¢@

11 0 42 T
% Tl =0
1

0
W2 5 3
:$7@E(m+l%@)m+(4+32 21— V2xs = 0.

1
2

)

Thus the asymptotes of the hyperbola are
r = <12\/§ — 16) To + (4 — 3\/5) T+ \/5332 =0,
Ty = (16+12\/§) $0+(4—|—3\/§) $1—\/§$2=0.
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Notice that, for a = 1, b = 3 — 2/2 we have

digoys = V2(1-30-2v2)) 20— (8- 2v2)z1 + 22 =0,
(12 _ 8\/§> 20— (3= 2V2)11 + 25 = 0
V2 ((12 _ 8\/5) 70— (3 — 2v/2)a1 + xg) -y
((12\@ - 16) o+ (4 — 3v2)11 + ﬂazg) — 0

1

and fora = 1and b = 3+ 2v2we have: d, 4., 5 = 1.
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The axes of the hyperola contain the center and have directions given by
two orthonormal eigenvectors. The eigenvectors of C are:

e; = (1,1) eigenvector associated to \; = 1,
é; = (—1,1) eigenvector associated to A\, = —2,

thus the axes are:

X0 1 0
Axisl = |2y =3V2 1| =29 — 21 — 220V2 = 0,
I9 —\/i 1
o 1 0
Axis2 = |z =3V2 —1|=—x; — 29 —4:(30\/5:0.
ro — 2 1
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The vertices are the points of intersection of the hyperbola with its axes

~ 1122 — 122 — 122 4+ 8xoae + 32120 = 0
CNAxis1l = 0 27l 2072
RIS {$2—$1—2$0\/§:0
_ 1122 — 122 — 102 4+ 8xpwe + 32120 = 0
CNAxis2 = 0 21 272
RIS {—%1—%2—4%0\/50
If xp = 1, then

{ 2 T1 — 9Ty T 0T+ OT1T there is not real solution

$2—$1—2\/§:O
11—%x%—%x%+8x2+3x1x2:0
—561—562—4\/§:O

— Vh= [(1 —1—2¢§i%\/31—16\/§, 1—2\/§i%\/31—16\[2>]
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Reduced form: the reduced equation of this hyperbola is

doo()” + dii (21)* + daa(3)* = 0

where dip = 1 ,d22 = —2 and as det(A) = —6 = dyydi1doy = —2dy, then
doo = 3. Therefore,

Crr = 3(xp)” + (21)” = 2(23)* = 0,

where the origin of the coordinate system R/, is the center of the conic:
O'= (-3v2,—+/2) and the basis is

v=tern -1 ) () )

Using the matrix of the change of coordinate system we have:

1 —3v2 —V2 1 0 0 30 0
1 1 1 1

0721 ? A—3\/§?—1ﬁ2010

0 —% & —\/iﬁﬁ 00 —2
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2.8.2 Conics with center at infinity: parabola
If det(Agy) = 0 then there exists an orthonormal coordinate system R’ =
{0, B" = (€, ¢€,)} such that the matrix expression of the conic in R’ is:

0 0 dog 566
Cr = (xp,x,25) [ 0 dip 0 ) | =0,
doz 0 0 5!3,2

The equation Crs = dy(z))? + 2dgez)xy, = 0 is called reduced equation of the
conic, where

O’ is the vertex of the parabola
dy1,0 are the eigenvalues of Ay
€', €, are eigenvectors associated to dy1, 0 resp.

If we change the order of the vectors, the matrix that we obtain is

0 dor O
dpy 0 O
0 0 do
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Example

Let us consider the conic C = —2z¢xy + 4129 + 23 + 422 + 23 = 0.
Classification:

The matrix of the conic is

The determinant of A is: det(A) = —4 # 0 (it is a regular conic) and the
eigenvalues of Ay, are \; = 0, \y = 5 (therefore, det Ajy = \Ay = 0). The
conic C is a parabola.

Notable elements:

The center of the parabola (the pole of the infinity line) is an improper point
that is contained in the conic. We have:

CNre = 4z mo+Hdai 425 =0 = dt+4+t* =0 =t = -2 = Z[(0,1, —2)]

t=w9/71
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The diameters of the parabola are all the lines that contain its center (polar
lines of points at infinity). They have the direction of the vector (0,1, —2),
therefore,

Family of diameters d, = axy + 221 + x5 = 0.
The asymptote of the parabola (tangent line in its point at infinity) is the
infinity line: xy = 0.
The parabola has an unique proper axis. We have:
e; = (2,1) eigenvector associated to \; = 5,
es = (—1/2,1) eigenvector associated to A\; = 0.

Therefore, the proper axis of the parabola is the polar line of the point:
P[(0,2,1)]; this is

1 0 —1 Ty
Axis = (0,2,1) 0 4 2 1 | = 0= Axis = —x¢ + 10z; + d5z9 = 0.
2 1
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The vertex is the intersection of the parabola with its axis:

O A axis = —2x0x9 + 41129 + :1:% + 433% + g;% = ()
—x0+ 1021 + 529 =0

|n$0:1

—2 24l = 4 13
Ty +4r109 + 1 + 427 + 25 =0 y(1 LB
—1 4+ 10x1 4+ 529 = 0 25 25
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Reduced form: The reduced equation of this parabola is

OR’ = dll(l'/l)Q + 2d02$6$/2 =0

where d;; = 5 and as det(A) = —4 = (dy2)?dy; then (dgp)? = 4/5. Therefore,
4

Cr = 5(2))* + —

R ( 1) \/5

where the origin of the coordinate system R’ is the vertex of the parabola:

O'= (-3, 5), and the basis is

v=lern - Us ) CE )t

Using the matrix of change of coordinate system, we have:

zoxy =0,

4 13
1_2%¥ 14(2) 01 0 0_%\/5
NG Bl R Bl N
0% 7 5V Ve —5Vh 00



