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CHAPTER III: CONICS AND QUADRICS
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3. PENCILS OF CONICS

Given the cartesian equations r;, = 0 and r, = 0 of two distinct lines in the
plane, the equation

A1+ puryg =0
is the cartesian equation of the pencil of lines that contain the unique inter-
section point of r; and rs.
Let us consider pencils of conics instead of lines.

Definition. Given two conics C, Cy C P, defined by the quadratic forms
w: R — Randwy: R® — R
respectively, with equations:
Ci=X'AX=0and Cy = X'4,X =0,

we call pencil of conic H determined by C, and C, to the family of conics
determined by the quadratic forms:

)\w1+uw2:R3HR, A€ R,
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If A, and A, are the matrices defining the quadratic forms w; and wy then
the equation of the pencil of conics is (that is of each conic of the pencil):

H E@)\# EXt(AAl—I-,uAQ)X =0, X € Ps.

In particular, the conics C; and C,, belong to this family of conics, taking
parameters A =1,y =0and A =0, u = 1, respectively.

The intersection of the conics C; and C, could be a finite or infinite number
of points. The intersection is infinite if both conics are the same or if they
are degenerate conics with a line in common. We will exclude this two trivial
cases.

We assume that C; and C, have a finite number of intersection points,
which are the solutions of the system of quadratic equations:

XA X =0

XA, X =0
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This system has 4 solutions (not necessarily all different):

1. 4 real distinct solutions.

2. 2 real distinct solutions and 1 double solution.

3. 2 double solutions.

4. 1 solutions of order 4.

5. 2 real distinct solutions and 2 complex conjugate solutions.
6. ...

We will only study cases 1, 2, 3 and 4.
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Observation.

1. The pencil of conics H is determined by any two conic of H. Thus we
use 2 degenerate conics, which are easier to determine.

2. Given two conics C; and C in H then any other conic C' in the pencil of
conic H contains the intersection points of C; and C5. That is,

CuC;=CuUulCy,=CyUC,

Definition. We call base points of a pencil of conics to the set of points in
[P, which are in every conic of the pencil. This is, they are the intersection
points of two conics that determine the pencil.

Therefore a pencil of conics H is determined by the base points of H (4 not
necessarily different points).
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Proposition. A pencil of conics in P, contains three degenerate conics or
less, unless the pencil is entirely composed by degenerate conics.

Example. The conics C,, C of equations:

Ci = xp + 207 + 25 + dagry = 0,
C, = —x% + 2x019 = 0,

give us the pencil

A 0 2N+ 1 X
AC + uCy = (xo, 1, T2) 0 2\ — U 0 r1 | =0.
2A + ¥ 0 A Io
The degenerate conics verify:
A 0 2N+ 1
0= 0 2x—pu 0 |=Cx—p) (N =02 +p)?).

2+ 1 0 A
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This is, or 4 =2\ or

A=2XA4+pu ==\
2 _ 2
A= 2\ + ) (:){)\——QA—M @{M——?)A

The degenerate conics of this pencil are the following conics

C\ + 205 = 22 + 8xoxy + 12 = (20 + 429)” — 1523
= (20 + 49 + 1529) (29 + 429 — 1529) = 0,
Ci — Cy = x5 + 327 + x5 + 2w09 = (20 + 29)* + 327 = 0,
Cy —3Cy = x5 + 5% + x5 — 22079 = (19 — T2)* + 52 = 0.

So, C; + 2C, is the pair of lines
r1 = xo +4xs + 1529 = 0, and ry = xg + 429 — 1525 = 0,

C| — C, is the pair of lines

si=xo+axy=0and ss =2, =0
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and C; — 3C,; is the pair of lines

llEiﬁo—ZL’onandlgExlzo.

Observation. Let us suppose that the base points A, B, C, D of a pencil of
conics H are all different. Then H contains exactly three degenerate conics,
which are pairs of lines:

C,=r(AuB)r(CUD),
Co=r(AUC)r(BUD,),
Cs=r(AUD)r(BUC)

Proposition. A point that does not belong to the pencil basis is contained
only in one conic of the pencil.
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Definition. The singular points of the degenerate conics of the pencil are
called fundamental points of the pencil.

In general a conic C is determined by 5 different points because the matrix

pA, p # 0 of the conic
aopo ap1 o2
A= Qpr aip ai2
ap2 A12 22

has 6 variables apo, apl, o2, 11, A12, 422 to be determined.
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3.1 Some special types of pencils of conics

We will study the three types of pencils of conics which are the most com-
monly used in applications.

3.1.1 General pencil: four simple points

The pencil of conics H has four different base points A, B, C' and D. There-
fore, H has three degenerate conics:

r(AU B)r(C'UD),
r(AUC)r(BUD),
r(AuD)r(Bu(C).

Ci
Cy
C

3
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Then H is determined by any pair of degenerate conics, that is

HE)\61+M62=O,
HE)\UQ—F,LL@;g:O,
HE)\Ul—i—,LLag:O.

We will use this kind of pencils to determine a conic when we have 5 points
of the conic or 4 points and another condition, for example being of a kind
or being tangent to a given line, etc...
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Example. Determine the conic that contains the points A(1,0,1), B(1,1, 1),
and C(1,—1,0) and whose center is Z(2,1,0).

As the center Z is the center of the symmetry we can calculate the sym-
metric points of the points A and B and obtain this way two more points of
the conic.

Let us take the coordinates of the point Z in the affine plane x;, = 1. There-

fore, we are taking the coordinates (1, 1,0) of Z.

The symmetric points of Ais: A' =27 — A =2(1,1,0) — (1,0,1) = (1,1, -1)
and the symmetric pointof Bis B' =2Z—B = 2(1,1,0)—(1,1,1) = (1,0, —1).

We have four points of the conic A, A’, B, B’ therefore, we can determine
the pencil of conics that contains these mentioned points.

Two conics of the pencil are the degenerate conics: C; = r(AUA")r(BUB’)
and Co =r(AU B)r(A'UB’).
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Let us compute the cartesian equations of these lines:

LU(]l 1

rlAUA)Y= |z, 0 1 | =21 —x0+ 29 =0,
I 1 —1
35'01 1

r(BUB)Y=|z; 1 0 |=2x; — 29— 22 =0.
I 1 —1

Then 61 = (2%1 — X+ 562) (2331 — Ty — 332) = 0. And

X 11
rlAUB)=|x; 0 1| =29 —29=0,

T9 11

X0 1 1

r(AUB)Y=|x; 1 0 |=—x9—129=0,
T -1 —1

SO 62 = (3]2 — LL“()) (330 + LL"Q) = (.
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The pencil of conics H has equation:

MC1+ uCo = X (221 — 29 + 22) (221 — 29 — ) + (29 — T0) (T9 + T2) = 0.
As it contains the point C'(1, —1, 0) the following expression is verified:
MOV +pCo= (21 (21 +pu(=1)=0= p=09\
The the conic we are looking for is:

61 + 962 = (23]1 — Xy + LL“Q) (2331 — Xy — 332) +9 (CEQ — CU()) (x() + ZCQ) =0
= 4o} — 87 — 4wz + 875 =0
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3.1.2 Two simple points and one double point

The conic pencil H has three base points A, B, C' and one of them, say C,
is a double point.

This case is the limit situation of the former case (when C' = D) and it has
two degenerate conics:

Ci=r(AUB)r(CUCQC) = 1o,
Co=r(AUC)r(BUCQC) = 5189,

the conics Cs and C; of the former case are the same one.
The line r, is tangent to any regular conic of the pencil. This pencil can be
expressed as:

)\7“17“2 + HUS182 = 0.
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This kind of pencil can be useful to determine conics when we have, for
example: a line tangent to a conic and the point of tangency ( this would
be the line ry), that contains three or two points and any other piece of
information about the conic, for example the type, etc.

Example. Determine the conic C which is tangent to the conic C;, = —4a32 +
2? + 423 = 0 at the point P(1,2,0), if we know that it contains the point
Q(1,0,2) and that C N C; are the intersection points of C'; with the line
r=—3xy+ 2x1 + x9 = 0.

Therefore, the polar line of the point P € C, is tangent to C; in P. Let us
calculate the polar line of P:

—4 0 0 Z
t = (1, 2, 0) 0 10 T = —433() + 2561 = 0.
0 04 I9
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Let us use the following pencil of conics, this is: \C + urt = 0, this is;

A (—dag + a7 + 4a3) + (=30 + 231 + 39) (—4dao + 221) = 0.
As C contains the point Q(1, 0, 2) the following equation is verified:
PR2A4+4p=0= = -3\,
So the conic we are looking for is:

C = (—4aj + 27 + 4a3) — 3(=3x0 + 221 + 22) (—4dxo + 221) = 0.
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3.1.3 Two double points

The pencil has two degenerate conics: one is formed by the pair of lines
rarp and the other is formed by the line of double points r.

The equation of the pencil is

Crp = Mrarp + ur? = 0.

The family of all the hyperbolas which have two lines » and s as asymptotes,
form a pencil of this type with equation:

Chp = Ars + pai = 0.
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Example. Determine the conic C such that:

1. Contains the origin of the coordinate system and the tangent at the
origin is the line r = 61 + x5 = 0.

2. It is tangent to the circle C; with center (4, —6) and radius 2 at the point

3. The axes of the conic are parallel to the coordinate axes.
The origin of the coordinate system is the point P (1,0,0) and the given
circle is:
(21— 4)* + (224 6)* = 4 => 1229 — 82y + 27 + 25 + 48 = 0.
In the projective plane, the circle has equation:

123029 — 8701 + o] + 25 + 4875 = 0.
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The tangent to C; in the point Q [(1,4, —4)] is

48 —4 6 X
rg = (1, 4, —4) —4 1 0 T = 8z + 229 = 0.
§ 0 1 I

The line that contains P and ¢ has equation:

s=det| 1 0 4 = 4x1 + 4y = 0.

Let us consider the pencil of conics tangent to the line r = 6z + 2o = 0 at
the point P and which contains the point P, C) , = Ar - 7o + us* = 0, this is,

ak,u = \ (61 + x2) (4dxg + x2) + p (1 + x2)2 = 0;
SO, UW =\ (24560331 + 4dxoro + 61129 + x%) + 1 (:z:% + x% + 2:61332) =0



AFFINE AND PROJECTIVE GEOMETRY, E. Rosado & S.L. Rueda

The matrix of the pencil is

0 12\ 2\
A= 122 un  3AX+pu
20 3N+ p A+p

As the axes of the conic we are looking for are parallel to the coordinate

axes the matrix
Ay = ( Lo 3N+ )
A+ A+p
ought to be a diagonal matrix. Therefore, 1 = —3\. The conic we are seek-
ing has equation:

C = (6331 + LEQ) <4$0 + LCQ) -3 ($1 + 5172)2 = 0.
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3.1.4 Examples

1. Example Determine the conic C with asymptotes the line 22y — 2, — 2z, =
0 and a line parallel to the line x; = 0 and such that the point P (1,1,0)
is the pole of the line 2z; 4+ 292 — 32¢ = 0 with respect to the conic

Solution A line parallel to the line z; = 0 has equation: bz, + x; = 0. There-
fore, the asymptotes of C are the lines r, = 22y — 1 — 22, = 0 and
ro = bxy + x1 = 0. The conic C has two improper points P;, P, as it has
two different asymptotes.

Therefore, the conic we are looking for is in the following pencil:
UW = Ary-ro+ ,LLCC% = 0;
this is, Cy,, = A (2z0 — 21 — 223) (bzg + 21) + pag = 0,
with associated matrix

426N X —IX —bA
A= A= =X =)

—bA —A 0
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Last, as the point P is the pole of the line 2z 4+ x5 — 3xy = 0 with respect
to C, any point of the mentioned line and the point P are conjugated.
Let us take the points Q; (1,0,3) and Q- (0,1, —2) of the line. As @); and
1
—b\ —A 0 0

(- are conjugated with P we have:
3
420X X —2X —b) 1

426X A —2x —b) 1
0=(1,0,3) A=Zx —Xx =)\

b 3
0=(0,1,-2) [ A=Zx —Xx =)\ 1| = 2+§b .

2
—bA —A 0 0

From where we obtain that . = 0 and b = —4/3. The conic is:

_ 4
C = (2&70 — 1 — 2&72) (—gaﬁ() + 561) = 0.
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2. Example Determine the conic C that contains the origin and has the
same asymptotes as the conic C, = 222 + 322 — 323 — 2202, — 142,29 = 0.

Solution The conic C has associated matrix

2 —1 0
A= -1 3 -7
0 —7 —3
and it is of hyperbolic type because det Ay = —9 — 49 < 0. Therefore, it

has two improper points Py, P, that are the same as the improper points
of the yet undetermined conic.

The conic C is a conic of the pencil that has equation:

6/\# = )\Cl + ,LLZU(% = 0;
this is, C, = A (225 + 327 — 323 — 2zz1 — 142139) + pag = 0.
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Besides, as it also contains the origin, O = (1,0,0), 2\ + 1 = 0 must be
hold. Therefore, the conic we are looking for is:

aQl
|||

(2:60 + 3:131 3:13% — 22011 — 14:61332) — 2)@8 = 0;
this is, C' = 32% — 325 — 2x9x; — 142129 = 0.
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3. Example Determine the conic C tangent to the conic C; = —a3 + 2?7 —
2x5 — 4xozo = 0 at the point P(1,1,0); knowing also that it contains the
points Q(1,—1,0) € C; and R(1,2,1).

Solution Therefore the polar line of the point P € C, is the tangent to C; at
P. Let us calculate the polar line of P:

—1 0 =2 i
t=(1,1,00 0 1 0 ry | = —x0+ 21 — 229 =0.
-2 0 =2 i

Let us consider the line that contains P and @

X 1 1
r=det| 1 1 —1 | =0<«= —229=0.
T9 0 O
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Let us use the following pencil of conics: AC'; + urt = 0; this is,
)\(—azg + 27 — 203 — dxoxwy) + p (—xowg + X129 — 295%) = 0.

As the conic we are looking for contains the point R(1, 2, 1) the following
expression is verified:

AM=14+4—-2-4)+pu(-1+2-2)=0= p= -3\

The conic we are looking for is

C = —:1:(2) + x% — 256% + 22919 — 3 (—:UO:UQ + x119 — 256%) = 0.



