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CHAPTER III: CONICS AND QUADRICS
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4. QUADRICS

Let P; = P(R") be the real projective tridimensional space.
Definition. A quadric @) in P; determined by a quadratic form w: R* — R is

the set of points of P; defined by:

Q={XeP;|w(X)=0}
Let R = {O, B} be a coordinate system in A; and let

ano

aoi
A =
an2

aops

an1
ajg
a12
a13

an2
a12
a22
a23

o3
a13
a23
a33

be the matrix associated to the quadratic form w then

@Z{XGPg‘XtAX:O}

3 3
= 9 (@0, z1, T2, 73)] € P3| Zzaijxixj =0

i=0 j=0
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The affine quadric defined by the quadratic form w is the subset ) of A;
defined by

Q= {X € A3 | w(X) =0},
where X = (1,21, zo, 23), With (21, 20, 23) € As. It is verified that Q c Q.
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4.1 Singular points and projective classification

Let ) be a projective quadric determined by a quadratic form w: R* — R,
with polar form f: R* x R* — R and associated matrix A with respect to
certain coordinate system.

Definitions.
= We say that two points A, B € P; are conjugated with respect to Q if
f(A, B) =0.

= We say that a point P € P5 is an autoconjugated point with respect to
Qifw(P)= f(P,P)=0.

= We say that a point P € P; is a singular point of Q) if it is conjugated
with every point of Ps3; this is, f(P, X) = 0 for every point X € P3. This
is, if
f(P,X)=PAX =0, VX € P,
or equivalently,
PTA=0.
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= We say that a point P € P5 is a regular point of Q if it is not a singular
point

= The quadric Q) is non degenerate, regular or ordinary if it does not have
singular points.

= The quadric Q is degenerate or singular if it has a singular point.
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Observations: Let  be a projective quadric generated by a quadratic form
w, with polar form f and associated matrix A.

1. Let sign(Q) be the set of singular points of Q; this is,

sign(@Q) ={X € P3| f(X,Y) =0, forevery Y € P}
— (X ePy| AX =0},
We have
dim(sign(Q)) = 3 — rank(A).
2. If X € Py is a singular point, then X € Q.

Proof. We have to check that w(X) = 0. We have w(X) = f(X,X) =0
as X is conjugated with any point, in particular with itself.
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3. The line determined by a singular point X and any other point of the
quadric, Y € Q, is contained on the quadric.

Proof. As X is singular we know that w(X) = 0 and f(X,Y) = 0 and
as Y belongs to the quadric w(Y’) = 0. Any point of the line determined
by X and Y has the form Z = AX + uY. We have to check whether
w(Z) = 0. We have:

w(Z) AX +pY) = fOX + puY, AX 4+ pY)

(
(AX,AX 4+ 1Y) + f(pY, A X 4+ pY)
(
2

AX,AX) + fOAX, 1Y) + f(pY, AX) + f(uY, pY)
X, X) + 20 f(X,Y) + 12 f (YY)
w(X) +22uf(X,Y) + M&u\(p — 0.

W
f
f
A
A2

4. All the points that belong to the line determined by two singular points
are singular.
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Proof. Let Z = AX + Y be any point of the line formed by two singular
points X and Y. We have to check that f(Z,T) = 0, for every T' € Ps.
We have:

f(Z,T) = fOAX + Y. T)
— FOX.T) + f(uY.T)
= >\f(XO,T) +Mf(Y,TO) = 0.

5. If the quadric @) contains a singular point, then @ is formed by lines that
contain that point.
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4.1.1 Projective classification

1. If det A # 0, then the quadric Q is ordinary or not degenerate.

2. If det A = 0, then the quadric Q) is degenerate.

a) If rank(A) = 3, then Q has an unique singular point P.
= If P is a proper point, then Q is a cone with vertex P.
= |f P is an improper point, then Q is a cylinder.

b) If rank(A) = 2, then ) has a line of singular points and Q is a pair of
planes with intersection the line of singular points.

c) If rank(A) = 1, then @ has a plane of singular points and @ is a
double plane.
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4.2 Polarity defined by a quadric

Let Q be a quadric with polar form f and associated matrix A. Let us con-
sider P € P;, we call polar variety of P with respect to the quadric Q to the
set of conjugated points of P; this is,
Vp={X ePs| f(P,X) =0}
:{XEP3|PtAX:O}.

If P € IP3is a singular points, then Vp = Ps.

If P € IP3is not a singular point, then Vp is a plane 7 and we call it polar
plane of P with respect to the quadric Q:

mp = {X € Py | PLAX = 0}.
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Definition. Given a plane 7 of the space P3;, we call pole of the plane 7 with
respect to the quadric () to the point whose polar plane is ; this is, 7p = 7.

If the equation of the plane 7 is

T = UpTo + UL + U2y + UL = Ul'X = 0,

with U = (uo,ul,u2,u;3) and X = ($0,$1,$2,$3),
then 7p = 7 if and only if
PTAX =UTX, forevery X € P;

equivalently,
P'A=U" < AP =U.

And if the quadric () is not degenerate (therefore, det A # 0), then P =
AU,
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Theorem. If the point P belongs to the polar plane of a point R, then the
point R is in the polar plane of P.

This is due to the condition of conjugation f(P, R) = 0 ; it is symmetric in P
and R.

As we have seen, given a quadric @), every non sigular point P is assigned
a plane (its polar plane) and reciprocally, each plane 7 is assigned a point
(its pole).

Definition. We call polarity defined by a quadric () to the transformation in
which each non singular point of () is assigned to its polar plane. This is,

IP)3\ Slgﬂ(@) — Planes of P
P+—— 7mp
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Fundamental theorem of polarity
The polar planes of the points of a plane = of P;, with respect to a regular
quadric @, contain the same point which is precisely the pole of 7.
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4.3 Intersection between line and quadric

Let Q be a projective quadric with polar form f and associated matrix A.
Let » be the projective line which contains the independent points P =

[(po, p1, P2, p3)] and Q = [(qo, 41, G2, 43)]-

A point X € P; is in the intersection between the conic and the line if and
only if:

Xer X = AP + 40 X = AP + 40
{Xe@‘:*{w()()—o (:){w()\PqtuQ)—O

The condition w(AP + p@Q) = 0 is written:
0= Nw(P) + 22uf (P, Q) + p*w(Q).

Dividing the former equation by ;> and writing ¢t = A/ we obtain the follow-
ing second degree equation:

0= w(P)t?+2f(P,Q)t + w(Q)
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with discriminant

A= f(P.Q) — w(Pw(Q).

w If f(P,Q) =0, w(P) = 0and w(Q) = 0, then P,Q € @ and, therefore,
rC Q.
= |f not all the coefficients of the second degree equation 0 = w(P)t* +

2f(P,Q)t + w(Q) are zero, then there are two intersection points (the
two solutions of the equation).

1. fA = f(P,Q)*—w(P)w(Q) > 0, the line, and the quadric intersect in
two different real points. The line is called secant line to the quadric.

2. f A= f(P,Q)* — w(P)w(Q) = 0, the line and the quadric intersect in
a double point. The line is called tangent line to the quadric.

3. If A= f(P,Q)? - w(Pw(Q) < 0, the line and the conic intersect in
two different improper points. The line is called exterior line to the
quadric.
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4.3.1 Tangent variety to a quadric

Definition. The tangent variety to a quadric Q in a point P € P, is the set of
points X € P; such that the line that joins P and X is tangent to the quadric
Q; this is,
TpQ = {X € P3| line X P is tangent to Q}
={X €P;| A= f(P,X)" — w(Pw(X) = 0}
={X €P;| f(P,X)" = w(P)w(X)}.

Observations.
1. TpQ is a degenerate quadric which has P as singular point.
2. If P € Q is a regular point, then
TpQ = {X € Py | f(P,X)? =0}
={X eP;| PPAX =0}

is a plane, called the tangent plane to Q in P. In fact, it is the polar plane
of the point P; this is, TrQ = T,.
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3. If P € Q is a singular point, then TpQ = Ps.

4.4 Affine classification and notable elements of quadrics

Let A; = P(R*) be the projectivized affine space, with coordinate system
R = {0, B}. And let w be a quadratic form with associated matrix A. Let

Q={X eP(R") | w(X)=0
be a projective quadric with affine quadric

Q = @mAg = {X € Aj ’ w(X') = O}, where X = (1,$1,$2,£€3).
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4.4.1 Center of an affine quadric

Definition. We call center of an affine quadric () to the pole of the plane at
infinity, if it exists. If that point is contained in the plane at infinity then the
quadric has an improper center, otherwise a proper center.

The equation of the plane at infinity is zy = 0 and the equation of the quadric
is X'AX = 0. Therefore, the pole of the plane at infinity is the point P such
that P'A = (1,0,0,0).

Proposition. The proper center of an affine quadric is the center of symme-
try. Any line that contains the center of a quadric intersects the quadric in
two symmetric points with respect to the center.
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4.4.2 Relative position of the quadric and the plane at infinity

Let .. = z¢y = 0 be the equation of the plane at infinity and let us con-
sider the projective quadric () determined by a quadratic form w and with

associated matrix
apo Aol
ap1 a
A = 01 411
ap2 A12
ap3 a13

We have:

an2
a12
22
a23

ap3
a13
a23
azs

QN7 ={X € Moo | w(X) =0} = {(0, 21, 29, 23) | X'AX =0}

this is,

a) — 2 2 2
Q N T = 1127 + Q2275 + azzr3 + 20190129 + 21370123 + 20931903 = 0,
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then Q N 7 is a conic of the plane at infinity 7., with matrix

ailz ai2 a3
Aooz a2 A22 G923

a13 Q23 0433

Proposition. The quadric Q has a center if and only if det Ay, # 0. Besides,
m |f det Agy # 0, then the conic Q N 7 is regular and Q has a center.

= If det Ay = 0, then the conic Q N7, is degenerate and () has no center.
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4.4.3 Diameters of a quadric
Definition. We call diameter of a quadric @ to every line that contains the
center of Q.

Definition. We call diametral plane of a quadric @ to the planes that contain
the center of Q.

Definition. Two diameters D and D’ are said conjugated if their improper
points are conjugated.

Definition. We call diametral polar plane of a diameter D to the polar plane
of the improper point of D.
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4.4.4 Axes of a quadric with proper center

Definition. We call axis of a quadric Q to the diameter which is perpendicular
to its diametral polar plane.

Let Q be a projective quadric with associated matrix A. And let Ay, be the
matrix of the conic Q N 7.

As () has a proper center Z, the matrix Ay, is not singular, so its three
eigenvalues are not zero A\;, A\p and As.

Let vy, v2 and v be the eigenvectors associated to A\, \» and \; respectively
(we choose the eigenvectors which are orthogonal two by two).

The axes of Q are the lines that contain the center, Z, and have as directions
the vectors vy, vy and v3, respectively.
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The coordinate system R = {Z,{v1, v, v3}} gives us a cartesian autocon-
jugated coordinate system.

We can find three situations:

1. The three eigenvalues are different. Then @ has three axes which are
orthogonal two by two.

2. An eigenvalue is double, \; = )y, and the other, )3, is simple. Then the
dimension of the subspace of eigenvectors associated to the double
eigenvalue is dimV; = 2 and dim V3 = 1. Then V; is a plane of axes
perpendicular to the axis V3. In this case the quadric Q is a revolution
quadric, whose axis is the one that corresponds to the eigenvalue \s.

3. The three eigenvalues are the same, \; = Ay = A3. Then any diameter
is the axis and the quadric is a sphere.

Definition. We call main planes of a quadric @ to the diametral polar planes
of the axes.
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4.4.5 Asymptotic cones

Definition. We call asymptotes of a quadric ) to the tangents of a conic in
its improper points.

Let Q be a projective quadric with proper center Z.

Definition. The tangent variety to the quadric Q from the center Z [(z2, 21, 22, 23)]
is a cone that is called asympftotic cone. The equation of the asymptotic
cone is the following one:
f(Z,X)? —w(Z)w(X)=0+= (Z'AX)(Z'AX) — (Z'AZ)(X'AX) = 0
— 17 — 5(X'AX) =0

det A
2 00 / -t
< Ty — X'AX) =
o det A ( ) =0
equivalently )

det 5 ==

— @ =0.
det AO():UO Q

The quadrics of ellyptic type have an imaginary asymptotic cone and the
quadrics of hyperbolic type have a real asymptotic cone.
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The generatrixs of the cone (lines of the cone) are the diameters tangent to
the quadric.

We call asymptotic plane to the polar planes of the points of the improper
conic of Q (Q N = C) (if there exists any).

Example 1. Let us consider the quadric Q = 2% + 323 + 4x129 + 223 + 2 = 0.
The matrix of ) is:

A=

_ O O Do
o NN = O
O O N O
wWw o O

The determinant of A is det A = —20, quadric with proper center:

0, g

00
(zzzz) L2 :(1000)
0 21 <2 23 20 p ;
00

— O O o
w O O =
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this is )
220+ 23 =1p
21+ 229 =10
22120
\ 20+ 323 =0

The centeris: Z[(1,0,0,—1/3)].
Equation of the asymptotic cone:
det A 20 ,

Tt Aooxo —Q =0+ 570~ (23 + 323 + da1m9 + 22370 + 277) = 0

1
< 2023 + 4x1202 + §$(2) + 27 + 323 =0
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4.5 Metric invariants of a quadric Q

Let us consider the quadric Q with associated matrix A; thisis, Q = XTAX =
0. The following values are euclidean invariants of the quadric:

mdet A

m Eigenvalues of Agyy: A1, Ao, A3 Or equivalently:

det AOO; tr Agp = a11 + an +ass, J =

where

apo Qo1

ap1 Aail
A =

ap2 a2

ap3 Q13

an2
a12
22
a23

aop3
a3
a23
ass3

and AOO =

ailr a2
a2 Aa22

—I_ '

aii
ai2
ais

aii
ais

ai2
a22
as3

ai3 a22 Q23
+

ass a3 33

ai3

a93

ass
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The following identities are satisfied:

m det AO() = )\1)\2)\3
B J = Ao+ MA3+ Mg

u tl”A00:>\1+)\2+)\3

The charasteristic equation of Ay is:

|A00 — )\]3‘ = —)\3 + tI’Aoo>\2 — JA + det AOO = 0.

Therefore, A1, A2 and A3 are the roots of the equation |4y — AI3| = 0.

If det Ay # 0, then the conic ) N 7 is regular and @) has a center.

If det Agy = 0, then the conic Q N7, is not regular. It is a quadric of parabol-
loid type, it may not have a center, have a line of centers or even have a
plane of centers.
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4.5.1 Classification of quadrics with det Agy # 0.

Because of det Agy = A\ A\2A3 £ 0, Iin certain coordinate system, the matrix of
the quadric is

do 0 0 0

0 A 0 O

0 0 X O

0 0 0 A3

and, therefore, the reduced equation of the affine quadric (z() = 0) is
dy + )\133% + )\QZE% + )\3[13’% =0

with dy = 37~ and they are quadrics with center.

If det A = dyA1 \aA3 # 0 (this is, rank(A) = 4) then they are ordinary quadrics.
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We can distinguish two cases:
1. the eigenvalues of Ay, have the same sign

2. two of the eigenvalues of Ay, have the same sign and the other the
opposite sign.
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1. If sign(A;) = sign(As) = sign(A3) (+ ++ 0 — — —), we say that Ay has
signature 3, sig Ayy = 3, and we can encounter the following cases:
a) If sign(dy) = sign(A;) = sign(Ay) = sign(A3), then det A > 0 and the
reduced equation of the affine quadric is

where a* = dy/ 1, b = dy/ X2 and ¢* = dy/ A3 (as the three of them
are positive) which is the equation of an imaginary ellipsoid.

b) If sign(dy) # sign(A;) = sign(Ag) = sign(A3), then det A < 0 and the
reduced equation of the affine quadric is

b= a? b 2
where o? = —d0/>\1, b? = —d()/)\g and ¢? = —d()/)\g (aS the three

of them are positive) which is the equation of an ellipsoid, and if
besides a* = b? = ¢* we obtain a sphere.
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2. If sign(A\) = sign(Ag) # sign(A3) (+ + — 0 — — +) we say that Ay has
signature 1, sig Ay = 1, and we can encounter the following cases:

a) If sign(dy) # sign(A1) = sign(Ag) # sign(A3), then det A > 0 and the

reduced equation of the affine quadric is
2

! E R R

a2 B2 2
where a® = —dy/ A1, b = —dy/Xs and ¢* = dy/ )3 (as the three of them
are positive) which is the equation of an hyperbolic hyperboloid.

b) If sign(dy) = sign(A\;) = sign(As) # sign(A3), then det A < 0 and the
reduced equation of the quadric is

where o = dy/ )\, b* = dy/ X\ and ¢ = —d,y/ )3 (as the three of them
are positive) which is the equation of an elliptic hyperboloid.
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If det A = doA A3 = 0 (this is, dy = 0 and rank(A) = 3) then they are
degenerate quadrics with reduced equation:

Mt + Aows 4+ Azzz = 0

We can distinguish two cases:

1. If sign(A;) = sign(A\y) = sign(A3), the reduced equation of the affine
quadric is
0= )\137% + )\2553 + )\3$§

which is the equation of an imaginary cone.

2. If sign(A;) = sign(Ag) # sign(As), the reduced equation of the affine
quadric is of the form

0 = a*x? + b*w5 — c*af

which is the equation of an cone.
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Table of classification of quadrics with center

( ( ¢ . .

det A >0 imaginar
Slg AOO =3 < ¢ g y

Ellipsoids  ( det A <0 real

rank(A) = 4 < et A~ 0 hvoerbol

> erbolic
det Agg # 0 < regular sig Agy = 1% ’ y_p .
Hyperboloids | det A < 0 elliptic

\

sig Ago =3 Imaginary cone with a real point
rank(A) =3¢
cones | Sig Ao =1 Real cone

\
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4.5.2 Classification of the quadrics with det Ay, = 0.

Because of det Ayg = \{AxA3 = 0, we can suppose A3 = 0.
Hence J = A\ \s.
In certain coordinate system the matrix of the quadric is

0 N 0 0
0 0 X O
bps O 0 O

with det A = _b%3>\1)\2-
The reduced equation of the affine quadric is

0= by + >\1I% + )\QCE%
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If J = A\i\y # 0 we can distinguish various cases:

1. If det A # 0 (this is, by3 # 0) The reduced equation of the affine quadric
s
0= 2[)03563 + >\1$% + )\Q.CU%

and we have:

a) If sign(\;) = sign(Aq), this is J > 0, the reduced equation of the affine
quadric is of the form

0 = das + a*x; + b*w;
which is the equation of an elliptic paraboloid.

b) If sign(\;) # sign(\y), this is J < 0, the reduced equation of the affine
quadric is of the form

0 = das + a*x? — b’z3

which is the equation of an hyperbolic paraboloid.
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2. If det A = 0 (this is, by3 = 0) the reduced equation of the affine quadric is
0= by + )\156% + )\ng
and we distinguish various cases:

a) If byy £ 0 we have

1) If sign(A;) = sign(Xy), this is J > 0, the reduced equation of the
affine quadric is of the form

0 = c+ a’xi + b*x)

which is the equation of an elliptic imaginary cylinder if ¢ > 0 or
elliptic cylinder if ¢ < 0.
2) If sign(A1) # sign(\y), this is J < 0, the reduced equation of the
affine quadric is of the form
0= c+ a’x? — b*z3

which is the equation of a hyperbolic cylinder.
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b) If byy = 0 the reduced equation of the quadric is
0= )\1[17% + )\2(133

1) If sign(\1) = sign(\y), this is J > 0, the affine quadric is a pair of
imaginary planes which intersect in a line.

2) If sign(A;) # sign(Aq), this is J < 0, the affine quadric is a pair of
planes which intersect in a line.
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If two of the eigenvalues of Ay, vanish (suppose Xy = A3

det A = 0, det AO() =0,J=0 and trA()() = Ai.
In certain coordinate system the matrix of the quadric is

bopp 0 0 0
0 X 00
0O 0 00
0 0 00

and the reduced equation of the quadric is
0= by + )\127%

1. If byy £ 0 we have

= 0), hence:

a) If sign(bgy) = sign(A1), the reduced equation of the affine quadric is of

the form
2 2 2
0=p"+a"x]

and the affine quadric is a pair of imaginary parallel planes .
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b) If sign(byy) # sign(A;), the reduced equation is of the form

0=p° —a’z] = (p+ax)(p — ary)

and the affine quadric is a pair of parallel planes.
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Table of classification of quadrics with det Ay = 0

( J>0  Elliptic paraboloid
rank(A) =4 , ,
J <0 Hyperbolic paraboloid

Regular

(J>0  Real elliptic cylinder
rank(A) =3¢ J <0 Hyperbolic cylinder

Cylinders _ _
J =0 Parabol linder
det Agy = 0 < \ arabolic cylinde

(>0 Pair of imaginary planes (line)

J <0 Pair of secant planes
rank(A) = 2 <

Pair of planes imaginary

real

\

| rank(A) =1  double plane

J=0 Pair of parallel planes {




