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| freely confess that | never had a taste for study or research either in
physics or geometry except in so far as they could serve as a means
of arriving at some sort of knowledge of the proximate causes...for the
good and convenience of life, in maintaining health, in the practice of some
art...having observed that a good part of the arts is based on geometry,
among others the cutting of stone in architecture, that of sundials, and that
of perspective in particular.

Gerard Desargues (1591-1661)



AFFINE AND PROJECTIVE GEOMETRY, E. Rosado & S.L. Rueda

1. INTRODUCTION TO THE PROJECTIVE SPACE

1.1 Definitions

Let V.1 be an (n + 1)-dimensional vector space. The projective space of
dimension n over V,,,; is the set of all vector lines of V,,, 4. It is denoted by
Py (Vir1) = {{v) | v € Vir — {0}}.
Every vector in V,, . ; determines a projective point.
Examples
We call the set of vector lines of R? real projective plane and we denote it
by P,; this is
P, =P(R*) = {<7> |5€R*~{(0,0,0)}}.
We call the set of vector lines of R* real projective space and denote it by
Ps5; this is
Py =PRY ={<v> |5e R —{(0,0,0,0)}}.
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1.2 Homogeneous coordinates

Let P, (V,,1) be a projective space. We say that a family of points {< 7; >
,..., < 1w, >} of P,(V,.1) generate the projective space P,(V,,.1) if the family
of vectors {v, ..., 7, } generates the vector space V..

Let P,,(V,,,1) be a projective space. We say that the points < 7, >, ..., <7, >
of P,(V,.1) are projectively independent if the vectors vy, ...,v, of V.., are
linearly independent.

Example

Let us consider P, = P»(R?), then an independent generating family of
points of P, = P5(IR?) is formed by three points X; =< 7; >, X5 =< 7, > and
X3 =< w3 > so that the three vectors 71, v, and 73 are linearly independent.
A point X =< w >¢€ P, can be expressed as follows:

W = V1 + U9 + 3U3,

and the coordinates of X would be (a1, as, a3).
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If we choose the representative \w, A # 0 of X, as X =< A\w >¢€ P, then

AW = A1U1 + AUy + Aagvs,
and the coordinates of X would be (Aay, Ao, Aas).

We call the class [ay, a2, @3] homogeneous coordinates of the projective
point X ; this is,

[Oél, 9, 053} = {()\041, )\&2, )\043), with A 7& O}
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1.3 Relationship between affine space and projective space

Let A be an affine space with associated vector space R".

Let us consider a coordinate system R = {O, B} of A,,.
Given X € A, with cartesian coordinates (x4, ..., z,,) then

(A, Az, ..o Azy) with A £ 0

is a set of homogeneous coordinates of X. We choose (1,z1,...,z,) as
representative of the homogeneous coordinates of X.

Definition Given an affine line P + (v) were P € A, and v € R" with co-
ordinates (vy,...,v,) in the basis B then we call (0,v1,...,v,) the point at
infinity of the affine line.
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Definition. Let A,, be an affine space with associated vector space R"” with
coordinate system R = {O, B}. We call the set formed by all the points of
A,, and the points at infinity of A, projectivized affine space and denote it
by A,; this is

A, =A, U{(0,21,29,...,2,) | 7; € R}.

We identify A, with P,,(R"*!) in the following way:

A, —P,(R"h
(1, z—;, ) i—Z) — (20, 21, ..., ), (0 # 0) proper points of P(R"*")

(0,21, ..., zn) — (0,21, ..., 2,)), (0= 0) improper points of P(R"™!)
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1.4 Equations of the lines of the projective plane
Let P, be the real projective plane.
Given two independent points P, () € P, we have P =<7 >and Q) =< w >
with 7,w € R? linearly independent vectors, the line r that contains P and )
is

r={< N0+ pw > | (A p) # (0,0},
If the points P and @ have the following homogeneous coordinates:

P = [po,p1,p2)s @ = [q0, 1, ¢]

then a point X € r if and only if its coordinates [z, x1, x5 verify the following
equations

axy = Apo + Hqo

ary = Ap1 + pqr (Oéa A, :u) 7é (07 0, 0)7

ary = Apy + pge
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which are called parametric equations of the line r of the projective plane
IPs.

Equivalently the point X = [z, x1, x5 € r if and only if

apxro + ar1x; + asrs = 0,

which is the cartesian equation of the line that is obtained when we demand
the following determinant to be zero:

o Po 9o
O=|z1 p1 @
T2 P2 42
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1.4.1 Relationship between the lines of the real affine plane and the projec-
tive plane.

Let A, be the affine plane with coordinate system R = {O, B} and let us
consider the line r of the affine plane A, with equation ag + a1z1 + aszs = 0.

Let P = (p1,p2) and @ = (q1,q2) be two points of the line, then two points
of the projective plane [1, p1, po, |1, ¢1, ¢2] determine a line r of the projective
plane P, with equation ayxy + a1z + asxo = 0, which is called line of P,
associated to the affine line r.

Reciprocally, given a line r of the projective plane P, with equation agxy +
a1x1 + asxs = 0. If py # 0, then the point of the affine plane (g—é, %) is in the
line r of the affine plane A, with equation:

ap + a1x1 + asxy = 0.
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Definition. The line that joins two proper points of P, is called a proper line
of Ps.

Every proper line agzy + ajx1 + aszs = 0, determines a point at infinity
0, —as, a1] where (—as, ay) is the direction vector of the line r of the affine
plane A, with equation ay + a1 + asxs = 0.

Definition. The line that joins two points at infinity of P, is called infinity or
improper line of P, and has equation z, = 0.
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1.5 Equations of projective subspaces of P

Let P; be the real tridimensional projective space.
1.5.1 Lines in 5

Let P, () be two independent points of P;. Therefore, P =< v > and () =<
w > with 7, w € R* linearly independent vectors. The line r that contains P
and Q) is

r={< N0+ pw > | (A pu)#(0,0)}.
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If the points P and ¢ have the following homogeneous coordinates:

P = [po, p1,p2,p3), @ = [q0, a1, @2, g3

then a point X = [z, 21,29, 23] € r if and only if its coordinates verify the
following equations

2

axy = Apo + pqo
axr1 = Ap1 + pq
QT = Ap2 + g2
ary = Ap3 + ugs

, (o, A, ) #(0,0,0),

\

which are called parametric equations of the line r of the projective space
;.
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Equivalently the point X = [z, x1, 25, 23] belongs to the line r of the projec-
tive space P; if and only if

Lo Po 4o
L1 P11 _ 9
L2 P2 42
L3 P3 43

rank

from where we obtain the two cartesian equations of the line.
Definition. The line that joins two proper points of P; is called a proper line
of Ps. lts equations are the homogeneous equations of an affine line.

Definition. The line that joins two improper points of IP; is called improper or
infinity line of Ps.

Observation. In P there is an infinite number of improper lines.



AFFINE AND PROJECTIVE GEOMETRY, E. Rosado & S.L. Rueda

1.5.2 Planes in 5

Given three independent points P =<7 >, Q =< w > and R =< u > of s,
the plane that contains P, ) and R is

T =A{< N+ pw+~yu> [ (A p,7)#(0,0,0)}
If the points P, ¢ and R have the following homogeneous coordinates:

P = [po, p1,p2, p3]

Q = [q0, q1, G2, 3]

R = [rg, 1,79, 73]
then a point X = [z, x1, zo, 23] belongs to the plane 7 of the projective space
IP; if and only if its coordinates verify the following equations

"

Ty = Apo + pqo + Yo
axy = Ap1 + pq1 +yri
< 9 &7A7 9 0707070
Ty = Ap2 + [1qa + Y12 ( 1) 7 )
\ a3 = Ap3 + pgz + 3
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which are called parametric equations of the plane = of the projective space
Ps.

Equivalently the point X = [z, z1, 22, 23] IS contained in the plane 7 of the
projective space P; if and only if

apro + arx; + asxrs + asrs = 0,

which is the cartesian equation of the plane that is obtained when we force
that the following determinant is to be zero:

Lo Po qo To
1 P1 41 T
L2 P2 G2 T2
X3 P3 43 T3

Observations.
Three proper points determine a proper plane of P;. Its equation is the
homogeneous equation of an affine plane.

Three improper points determine an improper plane of P; which has as



cartesian equation the equation z, = 0.

Every proper plane determines a line at infinity. Every line at infinity is con-
tained in the infinity plane =, = 0.



