CLASSIFICATION OF QUADRICS

Y Quadrics with proper center. det(A00)+0

In an appropriate coordinate system the matrix of the quadric is:

| > restart:wi th(linalg):

> A =matrix(4,4,[d0,0,0,0,0,lanbda[ 1], 0, 0, 0,0, | anbda[ 2], 0, 0, 0, O,
| anbdal 3]]);

[ d0 0 0 0 ]

0 A 0 0

007»20

0007»3

> A00: =subrmat ri x(A 2..4,2..4):

A 0 0
A400:=| 0 A, O
0 0 A
> det (A00);
| 7\'1;\'27\'3
> det (A);
0 A,

;> Xo=matrix(1,4,][x0,x1,x2,x3]):
> red_equ: =sinplify(eval m X& A& transpose(X)))[ 1, 1];
red_equ =x0% d0 + xI* A +x2? k2+x32 A,

NON DEGENERATE, rank(A)=4

V¥ Ellipsoids. Sig(A00)=3

Example of an IMAGINARY ELLIPSOID. det(A)>0
> | anbdal 1] : =1/ 4; | anbda[ 2] : =1/ 9; | anbda[ 3] : =1/ 25;

(1.1)

(1.2)

(1.3)

(1.4)

(1.5)



i 3 25
> d0: =4;
i do =4
> red_equ;
RENETS RIS B
4x02+4x1+9x2+25x3

> red_equ_aff: =subs(x0=1, red_equ);

gy Lo 1 2 12
I red equ aff =4 + 4 xI” + 9 x2°+ 25 x3
It is an imaginary quadric, there are no real points.
[ > Wi th(plots):

Example of a REAL ELLIPSOID. det(A)<0

> d0: =-1;
do .= -1

> inmplicitplot3d(red equ_aff,x1=-5..5, x2=-5..5,x3=-5..5);

(1.1.1)

(1.1.2)

(1.1.3)

(1.1.4)

(1.1.5)



\ 4

> red_equ_aff:=subs(x0=1,red _equ);
e Loy o2 1 2
I red equ_aff:= -1+ 4 xI”+ 9 x2°+ 25 x3 (1.1.6)
[ > Wi th(plots):
> inmplicitplot3d(red_equ_aff,x1=-5..5,x2=-5..5,x3=-5..5,
nunpoi nt s=10000, axes=boxed) ;

Hyperboloids. Sig(A00)=1

Example of a HYPERBOLIC HYPERBOLOID. det(A)>0
> | anbda[ 1] : =- 1/ 4; | anbda[ 2] : =1/ 9; | anbda[ 3] : =1/ 25;

—_ 1
1 g4

(1.2.1)



I:t contains lines, it is a ruled surface.
[ > Wi th(plots):

nunpoi nt s=10000, axes=boxed) ;

i 3725
> do: =-1;
| do = -1
> red_equ;
—xOZ—%xlz—l-%sz—i-%xf
> red_equ_aff:=subs(x0=1,red_equ);
red equ_aff:= -1 — 1 xI* + 1 x2r 4 —— x3

4 9 25

10—
5
. TOraS

S

iy -2

xd 2 5 xl
Example of ELLIPTIC HYPERBOLOID. detJ(A)<0
> | anbdal 1] : =-1/ 4; | anbda[ 2] : =1/ 9; | anbda[ 3] : =1/ 25;

> inmplicitplot3d(red equ_aff,x1=-6..6,x2=-6..6,x3=-10..

10,

(1.2.1)

(1.2.2)

(1.2.3)

(1.2.4)



4
1
7\.22=3
_
] LV_'zs
> d0: =1;
i do =1
> red_equ;
1o 1 2, 1 2
I e 4x1+9x2+25x3
> red_equ_aff:=subs(x0=1,red _equ);
NI S S S S S
red equ aff:=1 4 xI”+ 9 x2° + 25 x3

I:t does not contain lines, it is not a ruled surface.
[ > Wi th(plots):

nunpoi nt s=10000, axes=boxed) ;

> inmplicitplot3d(red_equ_aff, x1=-6..6,x2=-6..6, x3=-10..

10,

(1.2.5)

(1.2.6)

(1.2.7)

(1.2.8)



=3

rank(A)

DEGENERATE,

=3

Example of IMAGINARY CONE with one real point (the singular point). Sig(A00)

1/ 25;

=1/ 4; | anbda[ 2] : =1/ 9; | anbda[ 3] : =

> | anbdal 1] :

(1.3.1)

> dO0: =0;

(1.3.2)

> red_equ;

1N

V¥ Cones




1 2,1 1 2
] Lt x2* + 55 13 (1.3.3)

B red_equ_aff:=subs(x0=1, red_equ);

red equ_aff = % xI* + % 22+ % x3 (1.3.4)
I:n a graph with implicitplot3d we would not see the real point.
[ > Wi th(plots):
> inplicitplot3d(red equ_aff,x1=-6..6,x2=-6..6,x3=-10..10,
nunpoi nt s=10000, axes=boxed) ;

10+
=
.
5
r 5
iy -2
xs 5 5 xl

]:Example of a REAL CONE. Sig(A00)=1.
> | anbdal 1] : =-1/9; | anbda[ 2] : =1/ 9; | anbda[ 3] : =1/ 9;

(1.3.5)




> dO0: =0;
do :

> red_equ;
1

- X

9

1

2
+9

> red _equ_aff:

9
It contains lines, it is a ruled surface.
[ > Wi th(plots):

nunpoi nt s=100000, axes=boxed) ;

¥ Quadricswith improper center
In an appropriate coordinate system the matrix of
> restart:with(linalg):

[> A =matrix(4,4,[0,0, 0, b03,0, bll,

red _equ_aff = - 1 x>+

=subs(x0=1, red_equ);

-0 (1.3.6)
2 + % x3 (1.3.7)
1 o, 1 2
g X2+ 53 (1.3.8)

> inmplicitplot3d(red_equ_aff,x1=-3..3,x2=-3..3,x3=-3..3,

. det(A00)=0

the quadric is:

0,0, 0,0, b22, 0, b03, 0, 0, 0] ) ;



0 0 0 503]

0 b1l 0 0

A= @.1)
0 0 b22 0

bo3 0 0 O

> A0O0: =submatri x(A 2..4,2..4),;

bil 0 0
A00:=| 0 b22 0 2.2)
0 0 0
> det (A00) =b11*b22*0:
> det (A :
-b03* b11 b22 (2.3)

> X:=matrix(1,4,[x0,x1, x2,x3]):
> red_equ: =sinplify(eval m X& A& transpose(X)))[1,1];
red equ:=2x3b03x0+xI*bll +x2*b22 (2.4)

> J=bl1*b22:

NON DEGENERATE
Y Paraboloids. rank(A)=4

Example of ELLIPTIC PARABOLOID, J>0
| > b11:=-1/4:b22:=-1/3:
[ > b03: =1:
> red_equ_aff:=subs(x0=1,red _equ);
1 1

red equ _aff =2 x3 — " x> — 3 x2? (2.1.1)

I:t does not contain lines, it is not a ruled surface.

[> Wi th(plots):

> inplicitplot3d(red_equ_aff, x1=-10..10, x2=-10.. 10, x3=-10.. 10,
nunpoi nt s=10000, axes=boxed) ;




Example of HYPERBOLIC PARABOLOID, J<0
| > bl1: =1/ 4: b22: =-1/ 3:
| > b03: =1:

> red_equ_aff: =subs(x0=1, red_equ);
1

red equ_aff:=2x3 + " xI* — % x2 (2.1.2)

I:t does contain lines, it is a ruled surface.

[ > Wi th(plots):

> inplicitplot3d(red _equ_aff, x1=-10..10, x2=-10.. 10, x3=-15.. 15,
nunpoi nt s=10000, axes=boxed) ;
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DEGENERATE
|:> restart:with(linalg):

[> J=b11*b22:

V¥ Cylinders. rank(A)=3

p0 0 0 0]
0 bl 0 0
0 0 5220

0 0
(> A00: =subnat ri x(A 2..4,2. . 4):

0 O

-10

[~ A =matrix(4, 4, [p0,0,0, 0 0 bll, 0, 0,0, 0, b22,0,0,0,0,0]):

(2.2.1)



bil 0 O
A00=| 0 b22 0
0 0 0

| > det (A00) =b11*b22*0:

> det (A);

i 0

;> X:=matrix(1,4,][x0,x1,x2,x3]):

> red_equ: =sinplify(eval m X& A&*transpose(X)))[ 1, 1];
red_equ = x02p0 +xI? b1l +x2*b22

]_Example of real ELLIPTIC CYLINDER, J>0
(if p0,b11 and b22 have the same sign then it is imaginary)
| > b11:=1/27:b22: =1/ 8:
[ > pO: =-1:
> red_equ_aff: =subs(x0=1, red_equ);
red equ aff:=-1+ % xI* + % x2
I:t does contain lines, it is a ruled surface.

[ > Wi th(plots):

nunpoi nt s=10000, axes=boxed) ;

> inplicitplot3d(red _equ_aff,x1=-10..10, x2=-10.. 10, x3=-15..

(2.2.2)

(2.2.3)

(2.2.4)

(2.2.5)

15,
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Example of HYPERBOLIC CYLINDER, J<0
| > b11:=1/27:b22:=-1/8:
[ > pO: =-1:
> red_equ_aff: =subs(x0=1, red_equ);
1 2 1

red equ aff:= -1+ —— xI

2
27 g ¥

I:t does contain lines, it is a ruled surface.
[ > Wi th(plots):

> inplicitplot3d(red equ_aff,x1=-10..10, x2=-10.. 10, x3=-15.

nunpoi nt s=10000, axes=boxed) ;

(2.2.6)

.15,
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l:Example of PARABOLIC CYLINDER, J=0
[ > b11:=1/4:b22: =0:
[ > red_equ := 2*x3*b03*x0+x1"2*b11+x2"2* b22:
[ > b03: =-1:
> red_equ_aff: =subs(x0=1, red_equ);
1

red equ aff:=-2x3 + u xI?

I:t does contain lines, it is a ruled surface.
[ > Wi th(plots):

nunpoi nt s=10000, axes=boxed) ;

> inplicitplot3d(red _equ_aff, x1=-10..10, x2=-10.. 10, x3=-15..

(2.2.7)

15,
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V¥ Pair of plains. rank(A)=2
Example of PAIR OF IMAGINARY PLANES (secant in a line). J>0
[> b11: =1/ 4: b22: =1/ 3:
[ > red_equ: =b11*x1"2+b22* x2"2:
> red_equ_aff: =subs(x0=1, red_equ);
red _equ_aff = % xI* + % x2* (2.3.1)

> w th(plots):

> inmplicitplot3d(red equ_aff,x1=-10..10,x2=-10..10, x3=-10.. 10,
nunpoi nt s=10000, axes=boxed) ;




/

>

Example of PAIR OF SECANT REAL PLANES. J<0
| > bll:=1/4:b22:=-1/3:

> red_equ: =b11*x1"2+b22* x2"2:

> red_equ_aff: =subs(x0=1, red_equ);

red_equ_aff = % xI* — % x2

(2.3.2)

> wth(plots):
> inplicitplot3d(red _equ_aff, x1=-10..10, x2=-10.. 10, x3=-10.. 10,
nunpoi nt s=10000, axes=boxed) ;




-10 -10

x2 xli

F

Example of PAIR OF PARALLEL PLANES. J=0
[ > bll:=1/4:Db22: =0:
> red_equ: =p0*x0"2+b11*x172:

> red_equ_aff: =subs(x0=1, red_equ);
red equ aff:= -1+ % xI?

> wth(plots):

nunpoi nt s=10000, axes=boxed) ;

> inplicitplot3d(red equ_aff, x1=-10..10, x2=-10.. 10, x3=-10.

(2.3.3)

10,
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V¥ Double plane. rank(A)

> bll:=1/4:b22: =0:

> red_equ: =b11*x1"2+b22* x2"2:

> red _equ_aff:

1,red _equ);

subs(x0=

(2.4.1)

Z%x]2

qu_aff:

red e

> wi th(plots):

-10. .10,

-10. .10, x2=-10. . 10, x3=

0, x1=

> inmplicitplot3d(x1

boxed) ;

10000, axes=

numnmpoi nt's
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