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Abstract Pairwise comparison is a popular method for establishing the relative importance
of n objects. Its main purpose is to get a set of weights (priority vector) associated with
the objects. When the information gathered from the decision maker does not verify some
rational properties, it is not easy to search the priority vector. Goal programming is a flexible
tool for addressing this type of problem. In this paper, we focus on a group decision-making
scenario. Thus, we analyze different methodologies for getting a collective priority vector.
The first method is to aggregate general pairwise comparison matrices (i.e., matrices without
suitable properties) and then get the priority vector from the consensus matrix. The second
method proposes to get the collective priority vector by formulating an optimization problem
without determining the consensus pairwise comparison matrix beforehand.

Keywords Pairwise comparisons - Group decisions - Preference aggregation -
Goal programming

Group decision making involves aggregating individual preferences into a single collective
preference. The existence of a satisfactory aggregation procedure depends on what type of
data there is about these individual preferences. The data types and scales are classified
according to how decision makers show their preferences towards the different alternatives
(attributes) involved (see e.g., Herrera et al. 2001).

A particular case for representing individual preferences with respect to a finite set of
alternative is defined by means of pairwise comparisons. The pairwise comparison (pc)
method is a popular method for establishing the relative importance of n objects. The
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information gathered from the decision maker (DM) is recorded in a matrix structure,
M = (m;j); j=1,...n, named as pc matrix.

The problem of inferring the relative importance of n objects in a collective pc scenario
is the main subject of this paper. This is a fertile problem in the context of the Analytic
Hierarchy Process (AHP) introduced by Saaty (1980). Ramanathan and Ganesh (1994) give
a good introduction to the group aggregation procedure in this specific pairwise comparison
scenario. However, some rational attitudes are expected from DMs in this type of work.

Our purpose here is to deal with a more general scenario where DMs may provide a pc
matrix containing data type without any specific properties.

In the single case, the main purpose of the pc method is to get a set of weights,
wy, Wy, ..., w, associated with the objects. Thus, the challenge is how to infer these weights
when DM opinions are expressed through a pc matrix that fails to satisfy some rational prop-
erties. In this case, a theoretical framework based on approximations is needed. This is the
origin of “distance minimization” methods.

“Distance minimization” methods can be divided into two classes:

(a) A rational pc matrix approximates the original pc matrix. The weights are taken from
this rational matrix. This is the approach adopted by Chu (1998), Koczkodaj and Or-
lowski (1999) or Dopazo and Gonzélez-Pachén (2003).

(b) The ratio of weights ;—’/ is closed “as much as possible” to the value m;;. This is equiv-
alent to the problem of minimizing the distance between matrix M and the rank one
matrix (:-); ;. This is the perspective adopted by a lot of the work recorded in Choo
and Wedley (2004).

We will adopt the second point of view, where Goal Programming (GP) has been pro-
posed as a flexible tool (see Jones and Mardle 2004 or Gonzalez-Pachén and Romero 2004)
for other applications. The above theoretical framework may be extended to a collective
decision-making scenario by considering three problems of inference based on three possi-
ble consensus problems: (i) inferring consensus weights from individual weights taken from
an individual pc matrix, (ii) inferring consensus weights as associated with a consensus pc
matrix or (iii) inferring consensus weights directly, without getting a consensus pc matrix.
In all cases, the inference of weights from pc matrices with no suitable properties is the
cornerstone of the analysis undertaken.

Problem (i) was already addressed by Linares and Romero (2002). Hence, this paper is
designed to convincingly tackle problems (ii) and (iii). Consequently, the organisation of the
paper is as follows. In Sect. 2, the problem of searching weights from a general pc matrix is
solved by reducing a distance function optimisation problem to a GP formulation. In Sect. 3,
the problem of searching a consensus pc matrix is analysed to yield the consensus weights
from this matrix. In Sect. 4, the GP model proposed in Sect. 2 is adapted to yield consensus
weights without beforehand determining a consensus pc matrix. Finally, some conclusions
are discussed in the last section.

1 Inferring weights from a pc matrix without suitable properties

Let us consider a decision-making problem with n objects. Suppose we have a DM who
expresses his or her preference using Saaty’s scale (see Saaty 1980) as an n x n pc matrix
M= (mij)i,j:l

ne
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Where M verifies suitable properties, as reciprocity and consistency, there exists a set of

positive numbers, wy, wo, ..., w,, such that
w
— =myj, Vi, j. (nH
W;j

These positive numbers define the set of priority weights associated with the n objects.

The challenge is to search a set of priority weights that synthesize preference informa-
tion contained in non-reciprocal and/or inconsistent pc matrices. In this case, we adopt an
approach based on approximations rather than identities; i.e., the equality (1) is transformed
as follows:

Wi ..
—%mij, Vl,] :>m,-jwj—w,-%0. (2)
W;j

Using this approximation shown in (2), the problem of getting weights from unsuitable

pc matrices can be formulated as the following optimization problem for a generic metric p:

n n 1/p
Min |:Z Z |mijw_j — w,»|p:|

i=1 j=1

J#i
s.t. 3)
i=1
w; >0, Vi

Because the objective function is not a true distance function between matrix M and the
rank one matrix (-t); ;, the optimal solution cannot be scaled arbitrarily. So, the constraint
J

Yo", w; = 1 needs to be added. We find that, for p = 2, this weights estimation method is
the Preference Weighted Least Square method described in Choo and Wedley (2004).
For p = oo, the objective function becomes the following expression:
Min Max [m;jw; — w;|
ij
S.t.
- “
i=1
w; >0, Vi

It is far from easy to optimise models (3) and (4). However, it is straightforward to show
how, taking into account the following change of variables (Charnes and Cooper 1977):

1
nij=5[|mijwj—wi|+(mijwj—wi)], ©)

1
pij = §[|mijwj —w;| — (mjjw; —w;)]. (6)

The above optimization problems can be reduced to GP formulations. In fact, based on
Romero (2001), the following Extended GP model represents a unified approach for the

@ Springer



126 Ann Oper Res (2007) 154: 123-132

different p-metrics (p € [1, co]), encompassing model (3)

Min(1=2)D+4) D (ni; + pyy)
i=1 j=I
T
S.t. o ‘ . 7)
mijw; —w; +n;; —pi; =0, i,j=1,...,n,i#]
l’l[j'f‘[?,‘ij, l,jzl,,n,l§£]
ng=0,  py=0, i j=1,...,n i#]),
A €[0,1] (control parameter).

We find that A = 1 leads to the solution for metric p = 1, whereas A = 0 leads to the
solution for metric p = oo. For values of control parameter A belonging to the open interval
(0, 1), solutions for intermediate values of metric p, if they exist, are yielded.

It should be noted that solutions for metric p =1 (i.e., A = 1) imply a weights structure
(priority vector) that minimizes the aggregated deviations associated with the optimum solu-
tion of system of (2). On the other hand, the solution for metric p = oo (i.e., . = 0) implies
a priority vector that minimizes the maximum deviation between the n(n — 1) deviations
associated with system (2). For other values of the control parameter A, intermediate solu-
tions, if they exist, can be calculated. In short, parameter A trade-offs amount of consensus
obtained from the point of view of the majority with amount of consensus obtained from the
point of view of the minority (Gonzdlez-Pachén and Romero 2004).

Example The above ideas will be illustrated with the help of the following example. We
have the following pairwise comparison matrix over four objects (ai, a,, az, a4). Saaty’s
scale has been used for valuations, yielding the following general pc matrix, which is non-
reciprocal and inconsistent:

1 5 19 3

/
|14 1 3173
M=1 /2 1 12
2

1/3 3 1

To infer the importance weights from pc matrix M, we resort to model (7), getting the
following Extended GP modeling

Achievement function:

4 4
Min(1 = 2)D + A[Z D+ pij)}
i=1 j=1
7
Goals and constraints:

wy—Swy+np—pr=0, 4wr—wi+ny—pu=0 w3—2w +n3—py=0
3wg—wi+ng —pa=0, Ywr—ws+n3—pi3=0, wy—3ws+ny—ps=0,
2wz —wr+n3—pn=0, ws—3w+np—pp=0, w —3ws+ny—pu=0,
3wy —ws+n24—pua=0, 2w;—ws+ny—pu=0 wsy—2ws+nyz— py=0,
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Table 1 Associated priority weights and rankings to different values of A

Control parameter (1) Associated weights Associated ranking
r=1 wl = (0.120,0.160, 0.240, 0.480) ay > a3 >ay > aj
1 =0.20 w020 = (0.150, 0.120, 0.360, 0.370) ar>a3>a; >a
A=0 w9 = (0.132,0.190, 0.350, 0.330) a3 >aq > ay > aj

ni+py—D<0, ij=1...4 i#]

w1+w2+w3—|—w4:1.

Alternative vectors of priority weights can be obtained using different values of control
parameter A. For illustrative purposes, the two opposite solutions plus an intermediate one
are shown in Table 1.

2 Inferring consensus weights from the consensus pc matrix

There are two basic ways to aggregate individual preferences depending on whether the
group wants to act as a unit or as separate individuals; see Forman and Peniwati (1998). In
this section, we take the first approach where individual identities are lost in a consensus pc
matrix. So, the group becomes a new individual with its own pc matrix. This point of view
defines the scenario for the second problem of inference described in the introduction that
will be developed in this section.

The literature propose two widely used methods for aggregating pc matrices (Bolloju
2001): the geometric mean method (see e.g. Aczel and Saaty 1983; Barzilai and Golany
1994) and the weighted arithmetic mean method (see e.g. Dyer and Forman 1992). These
two methods are basically used because they are computationally friendly and also satisfy
the reciprocal property for every pc matrix.

In this paper, we deal with a pc matrix with no suitable properties. So, we propose a
distance-metric-based approach for searching the consensus pc matrix where constraints
for rational properties are not needed. In this way, let us consider now that the n objects
(alternatives) are evaluated by a group of k DMs, who express their preferences through k pc
matrices M', ..., M¥ using Saaty’s scale. These k matrices do not enjoy suitable properties
(i-e., reciprocity and consistency). In this context, we are concerned with the computation
of a consensus pairwise comparison matrix M, i.e. we want to search an n x n pairwise
comparison matrix that differs from M!, ..., M¥, “as little as possible”.

A specific meaning for the assertion “as little as possible” is needed. For this purpose,
we again resort to a general optimization problem based upon a generic metric p, such as:

k n n
: C
Min| > > > mi; —ml”

=1 i=1 j=I
J#i ®

1/p

S.t.
0.111 §micj <9, i,jef{l,....n},

where m! ; are the elements of matrix M’ (t =1, ...,k) and mg are the elements of the con-
sensus matrix M to be searched. The constraint set must establish some scale conditions.
In our case, we have resorted to the Saaty’s scale conditions.
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This optimization problem is very complex from a computational point of view. However,
by resorting again to the change of variables (5) and (6), it is straightforward to reduce the
above problem to the following Extended GP formulation:

k n n
Min (1 — )D +A[ZZ D (i + P?J‘)}

=1 i=1 j=1

J#i
S.t.
micj—mﬁj—l—nfj—p;jzo, i,jef{l,...,n}, te{l,... .k},
n n (9)
DX 0l +p)—D <0, kefl,... k),
i=1 j=I

i#i

0.111§micj§9, i,je{l,...,n},
n>0, p>0,
A €[0,1] (control parameter).

A consensus pc matrix M€ = (micj) i,j without suitable properties does not pose a problem
for deriving priority weights; see Sect. 2. Hence, normative conditions are not imposed on
mg elements. In short, the above mathematical program is focused exclusively on getting
consensus matrix values.

In this scenario, two distance-metric-based approaches are stated, one to get the consen-
sus pc matrix and the other to get the priority vector from the above collective pc matrix.
Employing the terminology of the respective Extended GP problems, the above facts are
equivalent to stating two different control parameter values: A; for the first approach and A,
for the second.

It is also interesting to recall that for metric p =1 (i.e., A; = 1) the respective consensus
matrix represents a solution for which the sum of individual disagreements is minimized.
For metric p = oo (i.e., A = 0), the resulting consensus matrix implies the minimization of
the disagreement of the most displaced DM. For intermediate values of control parameter A,
compromises between these two solutions, if they exist, can be reached (Gonzalez-Pachén
and Romero 1999; Linares and Romero 2002).

Example Let us illustrate how the theory presented in this section works with the help of a
simple example. Thus, let us assume that we have four DMs {d,, d», d3, ds} with the follow-
ing pc matrices over four objects {a,, a,, as, a4}, again using Saaty’s scale:

1 1/5 5 3 1 3 1/3 1/3
T 1 1/7 1/3 2| 1/3 1 1 5
M = /5 7 1 13 M= 3 1 1 71
/3 3 3 1 5 1/5 1/5 1
1 1 12 7 1 7 7 3
S 1 1/4 5 a_| 5 1 1 1/5
M= 2 4 1 8 M= /7 1 1 1/5
/5 1/5 1/8 1 1/3 5 5 1
The resulting consensus pc matrices for metrics p = 1 (i.e., Ay = 1) and p = oo (i.e.,

A1 = 0), with the respective associated priority weights (appear in Table 2).
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Table 2 Associated priority weights and rankings to different values of A1 and A,

Control Consensus Control Associated weights/
parameter matrix parameter Associated ranking
(O3)) (*2)
1 211443 3
a=1 o en A =1 wl = (0.492,0.233,0.111,0.164)/
1/3 3 02 1 ay >ax >a4 >az
Ay =0 w0 = (0.414,0.239,0.229, 0.118)/
ay >ay >az >ay
1 3 2203
A =0 boloroes A =1 w! = (0.472,0.157,0.214,0.157)/
1= 2 18 1 7 2= T T T T
173 5 3.1 1 ap >az>ay~a4
A =0 w0 = (0.457,0.158,0.255,0.170)/

ayp>az>ay)>aq

3 Inferring consensus weights without consensus between pc matrices

Let us now suppose that the group of DMs wants to act as separate individuals. So, they are
not interested in getting a consensus pc matrix to define themselves as a unit. There are two
ways to derive a system of common priority weights:

(a) Individual priorities are computed and combined in a consensus priority vector. Tra-
ditionally, in an AHP scenario, this combination is calculated by using an arithmetic
mean (Ramanathan and Ganesh 1994). Although, recently, a distance-metric approach
modeled by GP has been proposed; see Linares and Romero (2002).

(b) The consensus priority vector is calculated directly by extending the methodology de-
scribed in Sect. 2 for a single matrix to a group decision-making scenario.

In this section, we focus on the second approach; i.e., to get consensus weights without
previously searching for a consensus pc matrix. This proposal is equivalent to formulating
the following incompatible system of equations:

P ..
mijwj—w,»:O, i,j=1,....,n,t=1,...,k,

where m;} ; represents the estimation of quotients ;‘)l given by DM tth.
7
There are two different sources or practical explanations for the incompatibility of this

new system of equations:

(i) Estimations given by different DMs.
(i1) Incompatibility between estimations and rational DMs.
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Table 3 Associated priority weights and rankings to different values of A

Control parameter (1) Associated weights Associated ranking
r=1 w! =(0.536,0.179,0.179,0.106) ay >ay~az>ay
1=0.5 w03 = (0.486,0.162,0.216, 0.136) ay>az>ay>ay

=0 w0 = (0.453,0.184,0.212,0.151) ay >az>ap)>ay

One way of dealing with these incompatibilities is a straightforward adaptation of model
(3) as follows:

k n n 1/p
Min [ZZZ lmj;w; — wi|”j|

t=1 i=1 j=I
J#i
s.t. (10)
n
i=1
w; >0, Vi

Again the computational complexity of model (10) can be avoided by formulating the
following Extended GP model, equivalent to the above model:

k n n
vt <002/ 3323 4 |

(=1 i=1 j=I

J#i
S.t.
mjfjwj—wi-l-nfj—pfj:O, i,je{l,...,n}, te{l,..., k}, 1
n n (11)
X i+ —D=<0, re(l,... k)
i=1 j=1
J#i

n>0, p>0,
A €[0,1] (control parameter).

It should be noted that there is only one control parameter, A, in this formulation. In this
sense, this formulation is less complex than for the model discussed in Sect. 3.

Again the priority vectors calculated from model (11) have different preferential interpre-
tations according to the value of the metric/control parameter used. Thus, for metric p = 1
(i.e., A = 1), the aggregated disagreement is minimized. For p = oo (i.e., A = 0), the dis-
agreement of the most displaced DM is minimized. And, finally, for intermediate values X,
compromises between these two opposite consensuses can be reached. By applying model
(11) to the four pc matrices of the example given in Sect. 3, the opposite consensus weights
plus an intermediate one were calculated (see Table 3).

4 Concluding remarks

When individuals show their preferences by pc matrices, a group decision-making problem
(i.e., the aggregation problem) can be formulated according to the following scenarios:
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(a) To search individual priority vectors and, then, to aggregate them.

This has been how a group decision-making problem has been traditionally stated in the
context of AHP. This paper is not, however, exclusively confined to the AHP methodology.
We deal with a general scenario where pc matrices do not necessarily verify any suitable
property. Therefore, this point of view is not considered in this paper.

(b) To search a consensus pc matrix and then derive a common priority vector.

This problem arises when the group wants to act as a unit. In this way, DMs aggregate
their preferences into a consensus pc matrix. In this paper, the Extended GP formulation
has been shown to be a flexible tool for computing the common pc matrix and for deriving
the common priority vector from it. Because we use two Extended GP formulations, the
solutions to this problem are determined by two control parameter values.

(c) To derive a common priority vector directly from individual pc matrices.

This is the case where the group wants to act as separate individuals. In this case, they
do not want to build a common pc matrix, but get a common priority vector directly from
individual pc matrices. Again an Extended Goal Programming formulation is a flexible tool
for computing the consensus priority vector. However, only one control parameter is needed
in this case.

It is noteworthy that, in all the cases studied, Extended GP appears to be a friendly tool for
solving all the underlying optimization problems. Moreover, this type of approach provides
a clear preferential interpretation for all the resulting solutions.
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